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Abstract 

A submodel of the so-called conformal affine Toda model coupled to the matter field 
(CATM) is defined such that its real Lagrangian has a positive-definite kinetic term for 
the Toda field and a usual kinetic term for the (Dirac) spinor field. After spontaneously 
broken the conformal symmetry by means of BRST analysis, we end up with an effective 
theory, the off-critical affine Toda model coupled to the matter (ATM) . It is shown that 
the ATM model inherits the remarkable properties of the general CATM model such as 
the soliton solutions, the particle/soliton correspondence and the equivacence between 
the Noether and topological currents. The classical solitonic spectrum of the ATM 
model is also discussed. 
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The so-called conformal affine si (2)^ Toda model coupled to (Dirac) matter field (CATM) 
is an example of a wide class of integrable theories presented in 0. It is the special si (2) case 
of a family of the so-called bosonic superconformal affine Toda models based on arbitrary 
affine Lie algebras @ . This model possesses a Noether current depending only on the matter 
fields and under some circunstances, it is possible to choose one solution in each orbit of the 
conformal group such that, for these solutions, the U(l) current is equal to a topological cur- 
rent depending only on the Toda field. Such equivalence leads, at the classical level, to the 
localization of the (Dirac) matter fields inside the Toda field solitons. Besides, an additional 
feature is present; the masses of solitons and particles are proportional to the U(l) Noether 
charge. This fact indicates the existence of a sort of duality in these models involving soli- 
tons and particles || . The interest in such models comes from their integrability and duality 
properties |Tj, which can be used as a toy model to understand the electric-magnetic du- 
ality in four dimensional gauge theories, conjectured in || and developed in ||. Thereby 
nonperturbative analysis of the spectrum and of the phase structure in SUSY Yang-Mills 
theory becomes possible. 

In this article we analyze the relationships among the integrable models: affine two-loop 
WZNW model, conformal affine Toda model coupled to the matter (CATM) and the off- 
critical affine Toda model coupled to the matter (ATM). Here we perform the reduction 
process of the sub-model associated to the CATM model to the off-critical ATM model 
through a BRST analysis. We will show that the manipulations performed to define a 
physical theory, such as the reality conditions imposed on the fields of the CATM theory 
and the reduction process to obtain the ATM, do not spoil the remarkable properties of the 
CATM: solitonic solutions, the particle/soliton correspondences and the equivacence between 
the Noether and topological currents. 

Recently the one and two soliton solutions of the CATM model have been found, as well 
as the time-delays arising from the collisions of two solitons, and the implications of the 
reality conditions on the solitonic solutions have been studied Q . Moreover, the symplectic 
structure of the off-critical ATM model has recently been studied 0. 

The CATM theory is well defined mathematically for a set of fields which, in general, 
may be complex fields giving rise to a complex Lagrangian. From the point of view of their 
eventual quantization it would be important to distinguish those models whose kinetic terms 
are positive-definite and whose action is real. So, we consider a sub-model of the CATM 
defined by the two-dimensional field theory 

= ^d„<p d*<p + d*7i + ^ m\ e 2 " + # 7 ^V - $ e" +2 ^ 75 ifj, (1) 

where if> = if)^ 70, and <p, 77 and v are real fields. 

The Lagrangian (H) differs from the one in Eq. (10.18) of Ref. fl|] in three points: 

i) the CATM model contains two Dirac spinor fields, if) and if), and a complex <p field, as 
well as, the real fields v and rj. 

ii) we have imposed the reality conditions: 1) if> — —ip* (the star means complex conju- 
gation) and making the replacement ip — > iip, we have a real ip in ([!]). 2) alternatively we 
could make the change if) = if)*, ip — > iip — in/2, supplied with x^ — > — x^. 

Moreover, for later convenience, we have made the change v — > — v. 
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iii) an overall minus sign comes out in order to construct a Hamiltonian bounded from 
below. 

The point ii) deserves a far greater attention. The fact that the CATM model is defined by 
a general complex Lagrangian immediately prompts the reaction that the Hamiltonian, hence 
the energy of configurations of such a system, can not be bounded below, spelling disaster 
both at the classical level (unstable modes) and at the quantum level (loss of unitarity). This 
issue certainly has to be handled carefully before this type of model can be considered as 
providing a sound toy- model for aspects of dualities between particles and solitons j3|, |(J , as 
is one of the motivations for studying it. Here we follow the prescription to restrict the model 
to a subspace of well-behaved classical solutions. For example the l(2)-soliton (anti-soliton) 
solutions satisfy the above reality conditions, and the equivalence between the Noether and 
topological currents ||. These kind of issues in the case of affine Toda field theories are 
discussed in Refs. |7j , and for non-abelian Toda theories see, for example, Ref . . 

In fact, one can construct solutions of system ([I]) starting from solutions of the CATM 
system if the conditions above are taken into account. In particular this will be true for 
the solitonic solutions. Let us mention that in j|] the authors have discarded one of the 
solutions (soliton or antisoliton) since they have used only one of the reality conditions in ii), 
and failed to write a positive definite kinetic term for <p in their Lagrangian. Since for the 
study of the full ATM quantum spectrum it could be desirable to know all the soliton type 
classical solutions (solitons and breathers), let us mention that a carefull analysis reveals the 
absence of a real breather solution for the field <p of dU) ||. However, such type of solutions 
exist for a general complex but asymptotically real p ||. 

In [||, H], using the dressing transformation method, the soliton solutions were obtained, 
which are in the orbit of the vacuum solution rj =const. Let us emphasize that these 
transformations do not excite the field r\ and the solitonic solutions are solutions of the 
gauge fixed model that defines classicaly the off-critical ATM model ||. 

In the construction of [0 it has been associated more than one fundamental particle to a 
one-soliton solution. It is just this argument that allowed us to impose the reality conditions 
above, identifying the field ip of the general CATM as being the complex conjugate of ip (up 
to a factor ±), since both elementary particles ( ip and ip) have the same mass m^e Vo , and are 
associated to the same soliton (antisoliton) solution for the ip field. The reality conditions 
imposed on the CATM spinors do not spoil the particle-soliton correspondence, and therefore 
this correspondence will hold in the off-critical and physically well defined ATM model. 

To see more closely the role played by the sine-Gordon (sG) and massive Thirring (Th) 
models in describing some aspects of the soliton (particle) sector of our model, let us write 
the following suggestive relationship between the (p one- (anti) soliton and the corresponding 
classical spinor field ip solutions of the system of equations associated to Lagrangian ([!]) 

Ml = - 1), Mr = -^(e 2 ^ - 1). (2) 

$1^ = \e» v d v <p (3) 

These relations are a good example of the classical correspondence between the sG and 
Th models[| [p)| . Substituting conveniently the relations (0) in the relevant equations of 

1 Relationship (|J) holds true also for the 2-soliton solutions of ATM ||. However the counterpart of 
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motion of system (|T|) (for 77 = r/ =const.) one gets 



d 2 ip = -2mje' ?0 sin 2 V (4) 

and 

i^d^ip = m^ip - 4(^7^)7^ ■ ( 5 ) 

The equation ([|) is the sG equation and the one-(anti)soliton solution of the ATM model 
satisfies this equation for 7/0 = log 2, with its relevant soliton mass M go j = A\/2m^. Besides, 
(^) is the equation of motion of the Th model with coupling constant g = 4 and mass 
M Th = 2m^. Notice that the particle and soliton masses are proportional, this is due to the 
fact that in the construction of these masses are determined by the same eigenvalue of a 
global U(l) gauge symmetry generator of the model. 

In addition, the relation of the CATM theory to the (two loop) WZNW model stablished 
in IJ allows us to write the following relationship between their coupling constants 

k = 2Trk. (6) 

Let us recall that in the WZNW model it is a well known fact that the coupling constant 
k takes integer values. 

Next we consider the quantum version of the reduction CATM — > ATM through the 
BRST analysis. Then one has to explain how the classical reduction of the model, by setting 
77 =constant, is recovered at the quantum level. This procedure resembles the conformal 



affine Toda (CAT)— > affine Toda (AT) reduction | IT| . We present firstly a naive version of 
the reduction procedure based on the path integral 

Z = J V(pV , ipT)ipT)uVr]exp[iS(ip, ip, ip, u, 77)], (7) 

with 5* the corresponding action of the Lagrangian ([I]). In the above equation we have not 
written the gauge fixing term of the left-right local symmetry of the model (the symmetries 
are described in H), the relevant ghost field and its integration measure. 

We observe that v appears as a Lagrange multiplier. Integrating over v and rj successively, 
we get 

Z = J V^Vij^^exp {iSiip^W)) , (8) 

where 

S(<p,1>,tf) = ^J d 2 x{^d^d^ + i^Yd^-m^e 2l ^ 5 ^-^ml}. (9) 

Since the determinant det d 2 is a constant we have derived an effective theory which 
defines the off-critical ATM theory. 



relationships (g) for sG (N > 2)-solitons and corresponding Th spinor solutions is rather complicated [fL0| , 
and it is expected to be so in the ATM case. 
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In Ref. 0, to end up with the quantum ATM theory, the ideas presented in [[TT| have 
been used to perform a reduction process by eliminating the degrees of freedom associated 
to the fields rj and v in the framework of perturbative Lagrangian approach. 

A more rigorous analysis of the reduction CATM — > ATM can be made by means of 
BRST analysis. Following similar steps presented in the case of the sl(2) affine Toda model 
12], we add to the action (|I|) the following ghost term 



S ghost = i J d 2 x{^cd»c} (10) 

where c(c) is an anticommuting field. One can show that S to t = S + S g h os t is invariant under 
the BRST transformation 

5u = ic, 5c — r], 5c = 5r] = 0, 5$(z) = 0. (11) 

where $(i) denotes collectively the fields ip, ip and tp. Then 

5S tot = (12) 

In addition to the equations of motion for the $(«) fields, we have 

□c = Uc = 0. (13) 

The conjugate momenta of the (anti)ghost are 

tt c = l ~d t c, Tic = ~Y d tC, (14) 

and the relevant canonical comutation relations are 

{n*, = -i6(x-y), (15) 

where \l/ denotes collectively the set of fields {$(«), rj, u, c, c}, and the "+(—)" signs are valid 
for the set of fields {ip,ip,c,c} and {$(«), r), v}, respectively. 
The BRST charge is 



Qbrst = i J dx(ic-K u + r]7T 5 ) = J dx (f] (d t c) - (d t rj)c) , (16) 

and generates the BRST transformations (p|) 

W = [Qbrst, *] , (17) 

and satisfies the nilpotency Qbrst = 0- Moreover, considering the hermicity property of 
the fields ^ = we have Qbrst = Qbrst- 

Introduce a suitable wave packet system of massless particles 

Of k (x) = 0, (18) 

i / dxfl{x)d t fi{x) = 5 kh Y,fk( x )fk(y) = S(x-y), (19) 

J k 
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where fd t g = f{d t g) — {d t f)g. Therefore, since r], c and c are free fields, we can expand them 
as follows 



v ( x ) = J2rikfk( x )+vlfk('^), 

k 

C (x) = J2 C kfk(%) + 4/fc( a 0, 
k 

c(x) = J2ckfk(x) + 4/fc(x). 



(20) 



Besides, the field v is not a simple pole field, as can be seen from its equation of motion 

1 



(21) 



That is to say, the field v is multipole field and thus can not be expanded in the simple 
form (^). Notice that in |TJ the asymptotic behavior of this field has been used to obtain 
the classical soliton masses. Nevertheless, we can write the multipole field in the form 



v (x) = J2 Vkfk{x) + vlfk( x ) + ■■■ 



(22) 



where the ellipsis corresponds to the possible modes of the fields $(z) and r] which from the 
BRST transformations Eq. (|TT| ) commute with Qbrst, and then they will not be important 
in our considerations. 

In terms of the creation an annihilation operators, we have 



Qbrst = iJ2( c hk - vW) 



(23) 



From the canonical commutation relations (|15D we have 



S, 



hi 



-i5, 



kl- 



Using these relations in (17) give us 

{Qbrst, c k } 
{Qbrst, c k } 



Vk, 
0, 



Qbrst, v k 
Qbrst, Vk 



ic k 
0. 



(24) 
(25) 



(26) 



In addition, Qbrst commutes with the modes associated with the fields 
From the above considerations we realize that the fields {rj, u} and {c, c} form a pair 
of BRST doublets of Kugo-Ojima's and then we may use their quartet mechanism. The 
free property of the ghost fields c and c implies that the total state vector space V can be 
decomposed persistently into a direct product 7i$(i) <S> ri^ v <S> ri c ^, where 7i$(i) correponds 
to the vector space spanned by the modes associated with the fields $(«), 7i c ,c is the Fock 
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space spanned by c and c alone, and similarly for H v ^ . The proof that the ghosts decouple 
from the physical subspace goes as follows. Consider the following projection operator p(°\ 

p (0) : n m ® n %v ® n Cj o -> n m ® |o >„,„ ®|o > CjC - (27) 

where the vacua |0 > rj>v and |0 > c>e are defined by 

Vk\0 > v ,v= "k\0 > v ,u= 0, c fc |0 > Cj5 = c fc |0 > Cj g= 0. (28) 

Then the projection operator commutes with Qbrst trivially because of the commuta- 
tivity of Qbrst with the $(z) modes. Here we follow closely the procedure presented in Refs. 
ITS] , [13], fnj. We introduce a set of operators P^ n \n > 1) defined inductively as 

pin) = I J- (-^tp(n-l) _ ^tpCn-l)^ _ ^(-1)^ + 4p(-D Cfc ) . ( 29 ) 

These operators P^ n \n > 0) commute with Qbrst- in addition, it can be seen that they 
are complete 

p {n) = 1, (30) 

n>0 

and for n > 1, is BRST exact 

P (n) = {Qbrst, R (n) }, (31) 

R (n) = --^(-clP^^ + utP^Ck). (32) 
k 

Let \ip > be a physical state in the Hilbert space 7i. It must satisfy the physical condition 

Qbrst\^>=0. (33) 
Therefore any physical state \ip > annihilated by Qbrst is written as 

\^>= £ P («)|^ >= P^\i;>+Q BRST (j2R (n) \4>>) (34) 

n>0 \n>l / 

This means that the physical state is equivalent to its projection onto 7^$(i) ® |0 
<8>|0 > Cj c modulo the BRST operator. That is to say, we end up with a theory in which 
only the modes of the fields $(i) are present (up to the zero modes of the {u, rj} and {c, c} 
fields). Therefore the physical Hilbert space of the theory ([[]) becomes exactly the one of 
the off-critical ATM model (|9|). Then we can consider the latter as a Hamiltonian reduced 
and spontaneously conformal-symmetry-broken version of (Q). 

In connection to this reduction process, notice that the argument used in [[[], £§, to define 
the off-critical theory and the masses of the solitons, was to consider the field e 2r> as a kind of 
Higgs field, since it not only spontaneously breaks the conformal symmetry, but also because 
its vacuum expectation value sets the mass scale of the theory. 
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